ABSTRACT Decision-makers (DMs) will face severe challenges when selecting an optimal alternative for an emergency response over multiple time periods. The aim of this paper is to develop a novel dynamic emergency decision-making method with probabilistic hesitant fuzzy information for handling emergencies. First, an approach based on the GM(1,1) model for predicting the decision-making information at the next stage is proposed. Second, a new probabilistic hesitant fuzzy distance measure based on the hesitant degree of the probabilistic hesitant fuzzy element is put forward, and a mathematical programming model to determine the stage weights is established. What is more, the closeness degree between each alternative and the ideal alternative is calculated, and the emergency alternatives are ranked on the strength of the technique for order preference by similarity to an ideal solution method. Moreover, a practical example is used to verify the feasibility and rationality of the proposed method.
I. INTRODUCTION
Emergent events usually refer to emergencies that can cause casualties, economic losses, ecological damage and serious social hazards [1] , [2] . Over the years, there were frequent incidents in the international arena, characterized by high complexity, early-warning difficulties and inexperience in crisis response. Researches on emergency response have become one of the hotspots and frontier issues in the field of emergency management. When an emergency occurs, the research topic on how to choose the optimal alternative for emergency response to minimize the losses would be of realistic importance [3] , [4] .
Some emergency decision-making methods with uncertain information have been proposed. Levy and Taji [6] proposed a group analytic network process method to handle hazards planning and emergency management with incomplete information. Zhang et al. [8] came up with an extended fuzzy multi-criteria group decision-making method to evaluate the emergency management. Yan et al. [9] put forward the improved fuzzy analytic hierarchy process method for nuclear reactor accident emergency decisionmaking. Sun et al. [10] proposed an approach to emergency decision-making based on fuzzy rough set on probabilistic approximation space. In the above literatures, the time continuity of emergency is not taken into account. It is unreasonable to consider the situation of single-stage in emergency decision-making.
In some cases, the available decision information is relatively limited due to the high urgency of emergency response. It is difficult for DMs to make accurate judgments on the emergency alternatives at the current stage. Some researchers suggested that the characteristics of dynamic, effectiveness of time and uncertainty of unexpected events should be taken into account. Zhao et al. [11] gave a case-based evolutionary group decision support method for dynamic emergency decision-making. Yang and Xu [12] proposed a method based on dynamic games, and analyzed the process of sequential games between the DMs and emergency. Gao et al. [36] proposed a dynamic reference point method under probabilistic hesitant fuzzy environment in emergency response. However, the above researches ignored the importance of stage weights, and they did not predict the next move for the emergency decision-making problems.
The changes of external environment or the renewal of cognition may bring hesitation and irresolution for DMs [7] . To describe the uncertainty more conveniently and comprehensively, many extended forms of the fuzzy sets [41] were proposed, such as the interval fuzzy sets [37] , the intuitionistic fuzzy sets [39] , the type-2 fuzzy sets [40] , the hesitant fuzzy sets [13] , the probabilistic hesitant fuzzy set [17] and so on. The theory and the applications of PHFS have been strongly developed as it can describe the uncertainty more comprehensively and can reserve more original information. For example, the membership degrees of alternative with respect to an attribute are 0.2, 0.3, 0,4 and 0.4, respectively. If the membership degrees are expressed by a hesitant fuzzy element (HFE) {0.2, 0.3, 0.4}, some important information will be lost. Nevertheless, the above set can be expressed by a PHFE {0.2(0.25), 0.3(0.25), 0.4(0.5)}, which could effectively avoid the loss of decision-making information. More original information can be reserved. It has attracted extensive attention of scholars since the PHFS were proposed. At present, researches on PHFS mainly focuses on aggregation operators [14] , [23] , [28] , Li, 2017 ([30] ), distance measure [22] , [27] , preference relationship [25] , [31] , the emergency decision-making problems [36] and so on. However, there are few studies on prediction method based on probabilistic hesitant fuzzy sets.
Due to the time pressure, it often requires the DMs to make a rapid response in emergency decision-making. On the other hand, the unpredictable emergency event forces the DMs to handle the uncertainty and vagueness of decision information more prudently and efficiently. With ever increasing complexity in many real situations, there are often some challenges for the DMs to provide precise and complete preference information due to time pressure, knowledge (or data) lack and DMs' limited expertise about the problem domain. But as time changes, the evaluation of each alternative by DMs will also change accordingly. It is noted that the future is unknown, but it can be predicted through analyzing the past and current situation. As a prediction method, the GM(1,1) model has some advantages, such as high prediction accuracy and full utilization of information, which is particularly useful for small sample data prediction [33] , [34] . In this paper, an approach with PHFE based on GM(1,1) model to predict the next stage's information is presented.
Furthermore, one of the important problems in multistage decision-making is to determine the stage weights [3] . Cai et al. [42] adopted two relative entropy optimization models to calculate stage weights under interval fuzzy environment. Xu [43] proposed a Poisson distribution-based method to determine the stage weights. Liao et al. [21] put forward a programming model based on average deviation (AD) of alternatives and the average age (AGE) of data to determine the stage weights. However, the abovementioned techniques for determining the stage weights require some assumptions to reach the optimal solution. Moreover, there are few studies on determining the stages weights under dynamic probabilistic hesitant fuzzy environment. In this paper, an approach under dynamic probabilistic hesitant fuzzy environment to determine the stage weights is proposed.
In this paper, a novel dynamic emergency decision-making approach is put forward. Firstly, we present an approach based on the GM(1,1) model to predict the decision-making information and attribute weights at next stage. Secondly, we construct a mathematical programming model to determine the stage weights. Finally, a novel probabilistic hesitant fuzzy distance measure is proposed. The dynamic decision-making information is aggregated by using TOPSIS method and the optimal emergency alternative is selected. The novelty of this paper lies in the following:
(1) We propose a novel distance measure based on hesitant degree of PHFE, and we use it to replace the distance measure in the classical TOPSIS. The TOPSIS method is then extended to accommodate probabilistic hesitant fuzzy environment. (2) Using GM(1,1) model, we first propose a method to predict the probabilistic hesitant fuzzy decision information at the next stage, including the attribute weights. (3) After defining the novel average deviation (NAD) and the closeness degree of alternatives, a new mathematical programming model to obtain the stage weights is established. (4) A numerical example on coal mine emergency event is provided, and a comparative analysis is conducted. The rest of this paper is arranged as follows: In section 2, the basic concepts related to PHFS and GM(1,1) theory are introduced. Section 3 proposes a dynamic decision-making method for emergency response with probabilistic hesitant fuzzy information. In section 4, a numerical example on coal mine emergency event is provided to illustrate the feasibility of the proposed method, and a comparative analysis is conducted. The paper ends with some conclusions in section 5.
II. PRELIMINARIES
In this section, we review some basic concepts related to PHFS and introduce some preliminaries used throughout the paper.
A. PHFE AND PROBABILISTIC HESITANT FUZZY VARIABLE (PHFV)
Torra and Narukawa [16] observed that the difficulty of establishing membership degree is not because we have a margin of error or some possibility distribution on the values, but because we have a set of possible values. Therefore, the HFS VOLUME 7, 2019 was introduced. However, it's obviously problematic that occurring probabilities of all elements in HFE are equal [31] . To address this issue, the PHFS and PHFE were defined [17] as follows:
Definition 1 [17] : Let X be a fixed set, a PHFS on X is in term of a function that when applied to X returns to a subset E of [0,1], which is expressed as H = { x, h x (p x ) |x ∈ X }, where both h x and p x are two sets of some values in [0, 1] . h x denotes the possible membership degrees of the element x ∈ X to the set E; p x is a set of probabilities associated with
For the sake of more convenient application and more concise description, we denote the PHFE h x (p x ) as h(p), and a PHFE is expressed as
where p i is the probability of the membership degree γ i . γ i (p i ) is called a term of the PHFE. |h(p)| is the number of all different membership degrees, and
There are different numbers of membership degree in arbitrary two PHFEs h 1 (p) and h 2 (p). For efficient operation, the following is specified [14] : elements inh 1 (p) and h 2 (p) are arranged in the increasing order based on the value of γ i · p i , that is, h λ 1 (p) and h λ 2 (p) represent the λth (λ = 1, 2, · · · , |h (p)|) smallest elements in h 1 (p) and h 2 (p) respectively. |h 1 (p)| and |h 2 (p)| denote the number of all different membership degrees in h 1 (p) and h 2 (p) respectively. For convenience, we add elements in the PHFE with lower number of elements, until it reaches l = max {|h 1 (p)| , |h 2 (p)|}, and the probability of added element is zero. Without loss of generality, in this paper, we add the largest element in the PHFE.
Motivated by the idea of [22] , in order not to increase the dimensions of the derived PHFEs in the process of calculation, we adjust the operational laws into the following forms: 
is called the score function of h(p), where γ λ represents the λth smallest element in PHFE, p λ is the probabilistic value of γ λ . Definition 4 [23] : Let h(p) be a PHFE. Its variance can be defined as follows:
The score and variance functions are similar to the expectation and variance of the random variable, respectively, and the comparison laws for two PHFEs can be presented as follows:
For arbitrary two PHFEs h 1 (p) and
Definition 5 [36] : Let t be the variable of time, then
is called a probabilistic hesitant fuzzy variable (PHFV).
B. GM (1,1) MODEL
It is limited to obtain the whole information because of the urgency and complexity of dynamic emergency decisionmaking. The GM(1,1) model [33] , [34] , as an important part of grey system theory, is suitable for the prediction of small sample data, and can make full use of the observed decision information to provide high precision prediction results. It enjoys distinctive advantages in solving decision-making problems such as small sample and poor information. Definition 5 [19] :
Once accumulated generating operation (AGO):
where
is a grey differential model, called the general style of GM(1,1) model. Definition 6 [19] :
which is called the first-order grey differential equation of GM(1,1) model. Definition 7 [19] : Corresponding whitening equation to
dx (1) dt + ax (1) = b
Theorem 1 [19] : The response equation of whitening equation iŝ
where a, b are the identification parameters which can be estimated as follows:
. . .
In what follows, Yager [20] introduced a new definition denoted byĀGE to measure the average age of the data.
Definition 8 [20] : Let t p be the current time, then the age of the piece of data x k is AGE (t k ) = p − k. Then we get the average age of the data as:
There are often some divergences among DMs in decision-making problem due to their different knowledge and cognitive ability. In this section, the hesitant degree of a PHFE is proposed to measure the degree of disagreement among DMs. In general, the larger the deviation and the greater the number of elements are, the greater the hesitant degree is. The hesitant degree of a PHFE is defined as below:
} be a PHFE, the hesitant degree of a PHFE is defined as (8) , shown at the top of the next page.
A novel distance formula based on hesitant degree of PHFE is defined as follows:
Definition 10:
. Then the distance between h A (p) and h B j (p) is given as follows:
be three PHFEs, a metric d is called distance measure, which satisfy the following requirements:
Therefore, the proof is completed. Compared with the existing probabilistic hesitant fuzzy distance formulas [27] , [30] , the distance formula in this paper not only reflects the deviation between elements, but also reflects the divergences among DMs. 
III. DYNAMIC DECISION-MAKING UNDER PROBABILISTIC HESITANT FUZZY ENVIRONMENT A. PROBLEM DESCRIPTION
For a dynamic decision-making problem with probabilistic hesitant fuzzy information, let {X 1 , X 2 , · · · , X m } be the set of alternatives, {C 1 , C 2 , · · · , C n } be a set of attributes, and
are the decision-making matrix with probabilistic hesitant fuzzy information at the t k th stage, where h ij (t k )(p ij ) denotes the membership degree of the alternative X i with respect to the attribute C j at the t k th stage.
Based on above all, the probabilistic hesitant fuzzy dynamic decision-making can be expressed in dynamic decision-making matrices as (10) , shown at the top of the next page.
B. A METHOD FOR PREDICTING THE UNKNOWN DECISION INFORMATION BASED ON GM(1,1) MODEL
In many situations, we need to obtain the future information that will help DMs draw up plans. In this section, an approach based on GM(1,1) model is proposed to obtain the decisionmaking information for the future.
1) METHOD FOR PREDICTING PROBABILISTIC HESITANT FUZZY INFORMATION BASED ON GM(1,1) MODEL
PHFEs are composed of hesitant fuzzy elements and its probability values. Based on the mean GM(1,1) model which is proposed by Deng [33] , [34] , the GM(1,1) models for HFEs and probability values are constructed, respectively. According to the t k th stage decision matrix
can be predicted through GM(1,1) model. Suppose that the PHFE sequence is in the following:
The process for predicting HFEs is shown as below: suppose that the sequence of hesitant fuzzy elements
Similarly, the process of probability value prediction is same as that of hesitant fuzzy element. Suppose that its probability sequence is p λ
Then γ
is the GM(1,1) model based on probabilistic hesitant fuzzy elements.
2) AN APPROACH TO DETERMINE ATTRIBUTE WEIGHTS BASED ON THE GM(1,1) MODEL
Since the attribute weights change over different stages, herein in this paper, a GM (1,1) prediction model for the attribute weights is established. In a dynamic decision-making problem, the attribute weight is one of the most important factors that influences the stability and accuracy of the decision results. Generally, different attributes in multiple attribute decision-making have different roles, thus they are assigned different weights. Suppose that attribute weights at each stage is 
Then the attribute weights at the (p + 1)th stage are obtained by GM(1,1) model, which is denoted by
. The predicted value may not satisfy that the sum of the attribute weights is equal to one. We should normalize the attribute weights as beloẇ
C. A METHOD FOR DETERMINING THE STAGE WEIGHTS
In a multi-stage decision-making problem, the stage weight is an important factor affecting the decision-making result. In this section, a novel method to determine the stage weights is proposed.
1) THE CLOSENESS DEGREE OF ALTERNATIVES BASED ON TOPSIS METHOD
Generally, attributes can be classified into two types, namely, the benefit attribute and the cost attribute, respectively. That is to say, the set of attributes C = (C 1 , C 2 , · · · , C n ) can be partitioned into two disjoint subsets: C 1 and C 2 , where C 1 denotes the subset of benefit attributes and C 2 denotes the subset of cost attributes. The alternatives X i (i = 1, 2, · · · , m) and attributes C j (j = 1, 2, · · · , n) can be denoted by the vectors of
where h ij p ij represents the attribute value of the ith alternative X i under the jth attribute. In the following, the probabilistic hesitant fuzzy positive ideal solution (PHFPIS) and negative ideal solution (PHFNIS) are defined. Definition 11:
be an alternative, where h ij p ij denotes a PHFE, then the vectors of PHFPIS X * i and PHFNIS X 0 i can be defined as below, respectively:
and
where (18) and
Then, the weighted distance between each alternative X i (i = 1, 2, · · · , m) and PHFPIS X * i can be calculated by using Eq. (9):
Similarly, the weighted distance between each alternative X i (i = 1, 2, · · · , m) and PHFNIS X 0 i can be obtained:
Then, based on TOPSIS method, a closeness degree for each alternatives X i (i = 1, 2, · · · , m) is defined as below: (23) where s h and v (t 1 ) = v (t 2 ).
Eq. (23) is true under the condition that s h
x , which is problematic. That is to say, a prerequisite VOLUME 7, 2019 for the algorithm implementation is needed, and the attribute weights are ignored. In order to overcome these shortcomings, we propose a novel average deviation(NAD) method.
Definition 13: The NAD of the multi-stage PHFVs h t k x (p)(k = 1, 2, · · · , p) with the time series weighting vec-
, and p k=1 v (t k ) = 1, can be formulated as below:
where Comparing Def.12 with Def.13, the deviation function defined in Def.13 has several advantages. Firstly, the NAD considers the difference between one stage and any other stages, while the AD just consider the difference between adjacent two stages, which leads to that the model proposed by Liao et al. [18] will fail without the precondition s h
x . Secondly, the proposed method in this paper takes full advantage of the decision information in that the attribute weights are considered in the NAD. And thus it will be more appropriate to measure the deviation of the multi-stage hesitant fuzzy variables.
3) METHOD TO DETERMINE THE STAGE WEIGHTS
In the process of dynamic multiple attribute decision-making, one of the crucial issues is to determine the stage weighting vector
In multi-stage decision-making problems, we have noticed that the deviation of the observations in arbitrary stages should not be changed largely [18] . Once the observations vary largely at certain stage, a small weight should be assigned to that stage. In addition, it is noted that we shall prefer to the stage with more fresh or more youthful data, and a larger weight should be assigned to that stage. Meanwhile, the larger the closeness degree of alternatives is, the larger weight the stage should be assigned. Then an optimization model (25) , as shown at the top of the next page, is proposed to determine the stage weights.
To solve the mathematical model (25) , a Lagrange function (26) is constructed, as shown at the top of the next page.
To obtain the stage weights v (t k ) (k = 1, 2, · · · , p) and λ, we differentiate Eq.(26) with respect to v (t k ) (k = 1, 2,· · ·, p) and λ, and let the partial derivations equal to zero (27) .
Then the stage weights v (t k ) (k = 1, 2, · · · , p) can be derived as (28) , and by normalizing the stage weights v (t k ) (k = 1, 2, · · · , p), we can obtain (29) , as shown at the top of the next page.
Based on TOPSIS method, a closeness degree π
can be calculated by Eq. (22), then a ranking method is proposed as follows:
Thus, the greater the total closeness degree π total i is, the better the performance of the alternative X i is. The optimal alternative can be selected according to the total closeness degree π total i .
IV. AN APPROACH TO DYNAMIC DECISION-MAKING WITH PHFE
Based on the above analysis, the dynamic decision-making method with probabilistic hesitant fuzzy information is summarized as below, and Fig. 1 is presented to concisely describe the algorithm of the proposed method:
Step 1: In a dynamic decision-making problem with probabilistic hesitant fuzzy information, the decision-makers evaluate the alternatives X i (i = 1, 2, · · · , m) with respect to attributes C j (j = 1, 2, · · · , n) at the kth stage, and the evaluation values are expressed in the form of PHFEs. Thus, the probabilistic hesitant fuzzy dynamic decision matrices at different stages which are defined according to Eq.(10) can be constructed.
Step 2: According to equations (12) and (13), the decision matrix at the tth stage is obtained as below:
Step 3: Obtain the attribute weights at the tth stage according to Eqs. (14) and (15) .
Step 4: Identify the vectors of probabilistic hesitant fuzzy positive ideal solution X * i and negative ideal solution X 0 i by Eq. (16) and (17) at the kth stage, respectively, and calculate the closeness degree of each alternative X i (i = 1, 2, · · · , m) using Eq. (22) .
Step 5: Calculate the stage weights
Step 6: Calculate the total closeness degree for each alternative X i (i = 1, 2, · · · , m) by Eq. (30) , and the alternatives can be ranked.
Step 7: End
V. NUMERICAL EXAMPLE AND COMPARATIVE ANALYSIS A. NUMERICAL EXAMPLE
Explosions are rarely encountered for coal mines. Once they occur, the damage and loss are terrible. Under the special environment of coal mine, the evolution of events is always uncertain and vagueness, so it is difficult to obtain sufficient and original information in time for the DMs. After the explosion happened, the main indicators to be considered for rescue are as follows: (1) The scale and loss of the explosion are mainly described by the number of casualties;
(2) The degree of coal mine damage are mainly focused on the collapse situation and equipment damage; (3) The occurrence possibility of secondary disasters, mainly lies on these indices -coal dust content and carbon monoxide concentration. The relevant departments draw up three alternatives initially, that is X 1 , X 2 , X 3 , when the coal mine explosion happened. DMs fully analyze the explosion situation, and invite relevant experts to evaluate the three alternatives over five different stages. After collecting the experts evaluations and pre-processing these data, we can construct five probabilistic hesitant fuzzy decision-making matrices, respectively Step 1: According to the evaluation information given by the experts, the corresponding decision matrices are constructed as
Step 2: According to Eqs. (12) and (13), the decision matrix at the sixth stage is obtained. The prediction results based on GM(1,1) model can be obtained as H (P), then normalize the probability values as H (P ), as shown at the top of the next page.
Step 3: Use Eq. (15) to obtain the attribute weights of the sixth stage and normalize them as follows:
Step 4: Calculate the deviation values between the arbitrary periods as below:
Step 5: According to Eq.(16) and (17), the PHFPIS X * i and PHFNIS X 0 i for each period can be determined as shown at the page 10.
Then, the closeness degree for each alternative X i , i = 1, 2, · · · , m can be calculated by Eq. (22): Step 6: Calculate the stage weights v (t k ) (k = 1, 2, · · · , p) by using Eq. (29) v (X 1 (t 1 )) = 0.0487, v (X 1 (t 2 )) = 0.1162, v (X 1 (t 3 )) = 0.1496, v (X 1 (t 4 )) = 0.196, v (X 1 (t 5 )) = 0.2238, v (X 1 (t 6 )) = 0.2657; v (X 2 (t 1 )) = 0.0804, v (X 2 (t 2 )) = 0.11, v (X 2 (t 3 )) = 0.1439, v (X 2 (t 4 )) = 0.1949, v (X 2 (t 5 )) = 0.2168, v (X 2 (t 6 )) = 0.254; v (X 3 (t 1 )) = 0.0437, v (X 3 (t 2 )) = 0.0949, v (X 3 (t 3 )) = 0.1504, v (X 3 (t 4 )) = 0.1811, v (X 3 (t 5 )) = 0.2425, v (X 3 (t 6 )) = 0.2874;
Step 7: Calculate the total closeness degree for each alternative by Eq. Step 5: Calculate the total closeness degree for each alternative by Eq.(30): π total (X 1 ) = 0.3547, π total (X 2 ) = 0.6008, π total (X 3 ) = 0.5917 Therefore, the ranking of alternatives can be obtained as below:
where '' '' denotes ''priori to''. By comparing the above-mentioned two methods, we can draw some conclusions. The optimal alternative by two methods are different. Taking into account the future information, we obtain that the optimal alternative is X 3 ; but without considering the future information, the optimal alternative is X 2 . In this paper, we predict the future information by using GM(1,1) model. It can make full use of original information and shows the development trends in the future. Due to the coupled evolution of the emergency, the trend of development should be deduced, and then the strategies can be put forward for responding the dynamic evolution of emergencies. Therefore, the result considering future information is more reasonable and enlightening.
VI. CONCLUSIONS
At present, researches on the method for emergency response are very rich, but the traditional emergency decision-making methods fail to take the next move into consideration. In this paper, we propose an approach based on GM(1,1) model to deal with the dynamic emergency decision-making problem under probabilistic hesitant fuzzy environment. A new distance measure between two PHFEs is also presented. After defining the NAD and the closeness degree, a mathematical programming model to determine the stage weight is constructed. Finally, the proposed method is applied to handling an emergency on explosion accident of coal mine, and the comparative analysis is conducted to demonstrate the superiority of the proposed method.
This article further expands the application range of PHFS theory and grey system theory. However, there are also some limitations. For example, if there are too many decision attributes, the size of the optimization model and the dimension of the decision matrix might be large, which will increase the amount of calculation. Fortunately, it is not a big problem, and it can be handled very well by MATLAB software. In the future, we will further expand the scope of application and apply the proposed method to medical diagnosis and supply chain management.
